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Low-energy structure of little Higgs models
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The mechanism of electroweak symmetry breaking in little Higgs models is analyzed in an effective field
theory approach. This enables us to identify observable effects irrespective of the specific structure and content
of the heavy degrees of freedom. We parametrize these effects in a common operator basis and present the
complete set of anomalous contributions to gauge boson, Higgs boson, and fermion couplings. If the hyper-
charge assignments of the model retain their standard form, electroweak precision data are affected only via the
SandT parameters and by contact interactions. As a proof of principle, we apply this formalism to the minimal
model and consider the current constraints on the parameter space. Finally, we show how the interplay of
measurements at the CERN LHC and a linear collider could reveal the structure of these models.
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I. INTRODUCTION

In the standard model~SM! of electroweak interactions n
symmetry protects the Higgs boson mass from large radia
corrections. Various scenarios have been developed w
address this problem by embedding the SM in a richer st
ture. Recently, a new class of models has been found~the
little Higgs models@1–3#! where the Higgs doublet is part o
a multiplet of pseudo Goldstone bosons. The Goldsto
boson multiplet is associated with the spontaneous brea
of a global symmetry at a scaleL which is placed in the
multi-TeV range, considerably higher than the electrowe
scalev. Thus,L acts as a cutoff which separates the wea
interacting low-energy range from a possible strongly int
acting sector at higher energies. The large value ofL would
explain the fact that no sign of such new dynamics has
been detected in the low-energy observables which are p
ently accessible to us.

Since the Higgs bosons have interactions with ga
bosons and massive fermions, the global symmetry can
be approximate, and the symmetry-breaking scaleL cannot
be arbitrarily high. Denoting the characteristic scale of
Goldstone multiplet~the analogue of the pion decay co
stant! by F, there are the order-of-magnitude relations

v;F/4p;L/16p2, ~1!

which should be satisfied if large fine-tuning of the para
eters is excluded.

In the energy range betweenF andL, little Higgs models
are weakly interacting models which contain, apart from
SM particles, extra vector bosons, scalars, and fermio
Their spectrum and interactions are arranged in such a
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that the symmetries force at least one of the pseudo G
stone bosons, the Higgs particle, to be light:mH5O(v). The
other new particles have masses of orderF ~up to several
TeV! and therefore have not yet been observed directly
present experiments.

Nevertheless, indirect effects of the virtual exchange
heavy particles affect the interactions of SM particles. T
fact has been used for computing the shifts to low-ene
observables and thus to constrain little Higgs models fr
precision data@4–8#. In the present paper, we derive th
complete low-energy effective Lagrangian, using stand
techniques of the effective-theory approach. The littl
Higgs model of Ref.@2# has all essential features and is th
well suited as a concrete example, which we adopt throu
out the derivation. For each sector of the model, we a
indicate the possible modifications that appear in the gen
case.

After integrating out all heavy particles, the informatio
on the specific model is encoded in the values of coefficie
of dimension-6 operators. This not only allows for a ve
simple picture of the low-energy constraints, but gives us
opportunity to present the complete pattern of anomal
couplings in the gauge-boson, top-quark, and Higgs bo
sectors, which will be probed at future colliders. In the fin
section we make use of those results and develop a stra
for reconstructing a complete model from data at a lin
collider in combination with the CERN Large Hadron Co
lider ~LHC!.

II. INTEGRATING OUT HEAVY FIELDS

To get a picture of the low-energy trace of a heavy p
ticle, one may set up the theory in a path-integral formalis
For instance, for two interacting scalarsF,w, wherew is
massless, the generating functional of Green’s functi
reads
©2004 The American Physical Society04-1
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Z@ j ,J#5E DFDw expF i E dxX12 ~]w!21
1

2
~]F!2

2
1

2
M2F22lw2F2•••1JF1 j w CG , ~2!

where the ellipsis indicates additional terms in the scalar
tential. The low-energy effective theory, which is applicab
at energy scalesE!M , is obtained by setting the sourceJ to
zero ~sinceF does not appear as an asymptotic state! and
formally integrating out the heavy field~s!. In the example,
this is achieved by completing the square, such that

1

2
~]F!22

1

2
M2F22lw2F

52
1

2
F8~M21]2!F81

l2

2M2
w2S 11

]2

M2D 21

w2,

~3!

where

F85F1
l

M2 S 11
]2

M2D 21

w2, ~4!

and evaluating the integral overF8, which results in a trivial
factor. The residual effective Lagrangian forw contains vir-
tual F exchange encoded as (11]2/M2)21, which has to be
expanded in powers of 1/M2 and truncated at finite order.

This method accounts for all tree-level effects, whe
terms higher than quadratic inF are treated perturbatively a
operator insertions. In particular, bookkeeping is simple e
if F gets a vacuum expectation value or if there is nontriv
mixing between heavy and light fields. At loop level, the
are UV-divergent corrections to the coefficients in the eff
tive Lagrangian which can systematically be determined
appropriate matching conditions. In more general theor
there are also one-loop terms which stem from the expan
of the Jacobi determinant, if it depends on further light fie
~e.g., gauge fields!.

In the context of the minimal SM, an experimental pre
sion at the per mil to percent level is consistent with a tru
cation of the expansion at order 1/M2, if M is in the TeV
range. Thus, the appropriate effective Lagrangian of li
Higgs models is given by the SM, possibly extended by ex
light Higgs multiplets, and augmented by a small set
dimension-6 operators@9–11#. Generically, the squared rati
v2/M2 of the electroweak and the new-physics scales is
the same order as 1/16p2, the prefactor of loop corrections
In the present context, this rough equality is dictated by na
ralness. Furthermore, while loop corrections involving on
SM particles are important, loop corrections involving hea
fields are suppressed by additional powers ofv2/M2.

The exceptions to this rule are loop corrections that
quadratically divergent. The quadratic divergence of the
Higgs boson mass is ameliorated to a logarithmic one by
matching conditions of little Higgs models, such that it
proportional toM2/(4p)2;v2. However, for all operators o
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the form (h†h)n with n.1, there is an uncanceled quadra
divergence which is cut off only by the unknown U
completion of the theory. The result is the well-know
Coleman-Weinberg potential@12#, which has UV-sensitive
coefficients of order 1 at the matching scale.

The generic suppression of radiative corrections that
volve new particles is partly reduced by logarithmic e
hancement if some masses become exceptionally ligh
heavy. Such enhanced loop corrections can have a detec
effect on observables which are very precisely measu
@5,13#. However, we should keep in mind that there al
unknown contributions from physics beyond the UV cuto
L. These can be encoded in dimension-8 operators an
corrections to the coefficients of dimension-6 operators,
their effect may be enhanced by the presence of new str
interactions in the high-energy range. Such terms are p
metrically of comparable magnitude to the loop effects d
to the new heavy particles@14#. Thus, if we do not want to be
specific about the UV completion, we can restrict our calc
lation of the low-energy effects in little Higgs models to th
coefficients of dimension-6 operators at the tree level.

A. The model

In all little Higgs models, the SM gauge grou
SU(2)3U(1) is extended in a nontrivial way, so there a
new heavy vector bosons in the spectrum which cancel
leading cutoff dependence in the Higgs-boson self-ene
After breaking of the high-energy symmetry, the heavy sta
arrange themselves as massive multiplets ofSU(2)3U(1).

Looking for low-energy effects, the interesting cases
triplets and singlets ofSU(2) with zero hypercharge. Thes
vector-boson multiplets can directly couple to the SM ferm
ons and mix with the SM vector bosons at leading ord
After integrating out all heavy fields, they induc
dimension-6 operators in the low-energy effective theory.
some models@3#, the extended gauge symmetry yields ad
tional exotic multiplets of heavy vector bosons@e.g.,SU(2)
doublets#. Such states may be detected by direct observa
at high-energy colliders. However, their virtual effects at t
tree level involve operators of dimension 8 and higher on
As argued before, such terms are small and compete with
low-energy trace of the unknown UV completion, so we c
consistently neglect them.

The littlest Higgs model@2# contains exactly one extra
triplet and one extra singlet of heavy vector bosons. The
gauge group is the result of the simultaneous spontane
breaking

SU~2!13SU~2!2→SU~2! ~5!

U~1!13U~1!2→U~1!. ~6!

This setup is easily generalized to more complicated mod
where multiple vector-boson triplets and singlets may ex
In particular, some or all extra group factors could be part
a larger simple group. In that case, there are relations am
the gauge couplings which restrict the allowed values of
mixing angles. Here, we will treat all gauge couplings
independent parameters.
4-2
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We denote theSU(2) andU(1) gauge fields byAi
a,m and

Bi
m ( i 51,2), respectively. In the Lagrangian, the triplet a

singlet parts are coupled by the Goldstone-boson inte
tions:

L5L 0
(3)1L 0

(1)1L 0
G . ~7!

The gauge-field Lagrangians are

L 0
(3)52(

i

1

2gi
2

Tr A i ,mnA i
mn22 trA1

mJm
(3) , ~8!

L 0
(1)52(

i

1

2gi8
2

Tr Bi ,mnBi
mn2(

i
Bi

mJi ,m
(1) . ~9!

Here we define the matrix-valued field strengths as

A i
mn5]mA i

n2]nA i
m1 i @A i

m ,A i
n#, ~10!

Bi
mn5]mBi

n2]nBi
m , ~11!

with A i
m5Ai

m,aTi
a andBi

m5Bi
mYi( i 51,2).

The vector bosons couple to the fermionic triplet and s
glet currentsJm

(3)5Jm
(3),ata/2 andJi ,m

(1) ( i 51,2), respectively.
The triplet current is the usual left-handed isospin curre
This current can interact with one gauge field only. By co
trast, each singlet vector field may couple to its own ferm
current, which has the general form

Ji
(1),m5yL,i L̄LgmLL1yn,i n̄RgmnR1y,,i ,̄Rgm,R

1yQ,i Q̄LgmQL1yu,i ūRgmuR1yd,i d̄RgmdR

~12!

with a priori arbitrary U(1) chargesyf ,i @6,7#. The usual
hypercharges are obtained as the sum

yf5(
i

y f ,i ~13!

for each fermion fieldf. In order to avoid flavor-changing
neutral currents, we may assume that allU(1) charges are
generation independent. Note that we cannot draw any c
clusions from the requirement of anomaly cancellation, si
the UV completion of the model may provide additional fe
mions that add to the anomalies but do not mix into
low-energy spectrum.

Some models@3# predictSU(2) triplet gauge bosonsAR
m

which couple to triplet currents made of right-handed S
fermions. Since the chirality structure of the observ
charged currents is known to be left handed to a good
proximation~at least, for the first two generations!, we have
to assume that theseSU(2) bosons are orthogonal to th
left-handedSU(2) sector. Thus, the triplet Lagrangian is u
affected up to the order we are interested in. Neverthel
the neutral component of aAR

m triplet can mix with the hy-
percharge boson, so we should treat it as aBm boson which
generates an extraU(1) symmetry. We just have to keep i
01500
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mind that at low energies chargedAR
m exchange induces a

extra right-handed four-fermion contact interaction.
Turning to the Goldstone sector, let us first discuss

particular realization of the littlest Higgs model@2#, where
the gauge group is embedded in a globalSU(5) group, bro-
ken down toSO(5). Therepresentation is usually written i
terms of 535 matrices, where theSU(2) generators
T1,2

a (a51,2,3) andU(1) generatorsY1,2 are given by

T1
a5

1

2 S ta

0

0
D and T2

a5
1

2 S 0

0

2ta*
D
~14!

and

Y15diag~3,3,22,22,22!/10, ~15!

Y25diag~2,2,2,23,23!/10, ~16!

respectively.
The Goldstone Lagrangian describes spontaneous sym

try breaking at the scaleF, which is expected in
theTeV range. Here, it is parametrized by a complex sy
metric 535 matrix. Using the fieldsH ~light Higgs boson!,
w6,z ~SM Goldstone bosons!, andF66,F6,F0 ,F1 ~heavy
scalars! as building blocks,

h5S w1

1

A2
~v1H1 iz!D , f5S A2F11 F1

F1 F01 iF1
D ,

~17!

the matrix is defined as

J5S exp
2i

F
P DJ0 where J05S 0 0 1

0 1 0

1 0 0
D

and

P5
1

A2 S 0 h f

h† 0 hT

f† h* 0
D . ~18!

The covariant derivative is given by

DmJ5]mJ1 i (
k51,2

$@Ak
mJ1J~Ak

m!T#

1@Bk
mJ1J~Bk

m!T#%, ~19!

such that the Goldstone Lagrangian reads

L 0
G5

F2

8
Tr~DmJ!~DmJ!* . ~20!
4-3
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The generalization to more complicated models
straightforward. There may be multiple light scalarsh and
heavy scalarsf. In the light sector, apart from extra Higg
doublets, there may be singlets, triplets, etc. Ther parameter
constraints make it unlikely that any component of a hig
multiplet has a sizable vacuum expectation value, so s
extra scalars have little impact on phenomenology.1 In the
heavy sector, we are most interested in triplets with hyp
charge 2 or 0 and singlets with hypercharge 0. These
couple to Higgs doublets via

h†f2h* , h†f0h, h†hs0 , ~21!

and will induce dimension-6 operators after being integra
out. While the littlest Higgs model contains a singlef2 mul-
tiplet, other models realize thef0 ands0 cases.

In the fermion sector of little Higgs models, the top-qua
mass is generated by mixing the known top quarkt with new
vectorlike heavy quarks. This interaction has the additio
properties of canceling the quadratic cutoff dependence
the Higgs-boson mass and generating electroweak symm
breaking by driving the Higgs-boson mass squared param
negative. The simplest setup involves just one heavy vec
like fermion T which is aSU(2) singlet. Many models pre
dict a more complicated multiplet structure. In some cas
all fermions have heavy partners which make them fit i
multiplets of an enlarged gauge symmetry. However, the
sic principles of constructing the Yukawa sector@1# are com-
mon to all models.

In the littlest Higgs model, the heavy-fermion Lagrangi
is built from the chiral fields

QR : bR ,tR ,TR and QL : qL5S tL

bL
D ,TL , ~22!

namely,

Lt5(
Q

Q̄iD” Q1LY2l2F~ T̄LTR1H.c.!. ~23!

The Yukawa interactionLY combinesqL and TL in a com-
monSU(3) multiplet. This implements the little Higgs sym
metry structure in the fermion sector, such that the lead
cutoff dependence due to top-quark loops is canceled.
define a 333 matrix x̂L

i j 5e i jkxL
k , where

xL5S i q̃L

TL
D with q̃L5 i t2qL5 i t2S tL

bL
D , ~24!

and promote this to a 535 matrix by padding zeros:

1The exception is a light singlet scalar, if it acquires a vacu
expectation value of orderv. If such a scalar is present in th
spectrum, it can mix with the physical Higgs boson, and the virt
effects of heavy doublets coupled to it will also influence lo
energy observables.
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x̂L5S i t2TL iqL 0

2 iqL
T 0 0

0 0 0
D . ~25!

With these definitions, the Yukawa interaction is given by

LY5l1F t̄ R Tr@J* ~ iT2
2!J* x̂L#1H.c., ~26!

whereT2
2 is the generator defined in Eq.~14!.

The masses of the light leptons and quarks can be ge
ated by similar interactions,2 where in those cases natura
ness does not require the presence of further heavy stat
the corresponding quadratic divergences are cut off at
scale L @1#. An interesting property of the littlest Higg
model is the possibility to write lepton-number-violating in
teractions like

LN52gNF~ L̄c!TJL where L5S ,̃L

0

0
D

and

,̃L5 i t2,L5 i t2,LS nL

eL
D , ~27!

which are invariant under the full gauge symmetry. Aft
electroweak symmetry breaking, such operators gene
Majorana masses for left-handed neutrinos of ordergNv2/F.
SinceF is not large enough to account for the huge suppr
sion of the observed neutrino masses, the coefficientgN must
itself be small. For instance, it could be proportional to so
power ofF/L8, whereL8 is a high scale where lepton num
ber is broken.

In the general case, the construction of Yukawa inter
tions proceeds along similar lines. In at least one term
component of the top quark is combined with the ne
state~s! T in a common multiplet of the enlarged global sym
metry, while there is another interaction that generatesT
mass term. This structure is consistent with the little Hig
symmetry and thus allows for a sizable top-quark Yuka
coupling without generating unwanted terms in the one-lo
scalar potential@1–3#.

B. Heavy vector fields

Introducing the physical heavy vector bosonsXm ,Ym and
the SM gauge fieldsWm ,Bm , we express the gauge fields o
the littlest Higgs model as

A1
m5Wm1gXc2Xm, B1

m5Bm1gYc82Ym, ~28!

A2
m5Wm2gXs2Xm, B2

m5Bm2gYs82Ym, ~29!

l 2Flavor physics puts restrictions on the dynamics above the s
L which is responsible for generating the fermion Yukawa inter
tions @15#.
4-4
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where

c5
g1

Ag1
21g2

2
, s5

g2

Ag1
21g2

2
,

gX5
g

cs
, g5

g1g2

Ag1
21g2

2
, ~30!

and, analogously,

c85
g18

Ag18
21g28

2
, s85

g28

Ag18
21g28

2
,

gY5
g8

c8s8
, g85

g18g28

Ag18
21g28

2
, ~31!

and rewrite the gauge terms in the Lagrangian:

L 0
(3)52

1

2g2
tr WmnWmn22 trWmJm

(3)22gXc2 tr XmJm
(3)

2
1

2
tr XmnXmn, ~32!

L 0
(1)52

1

4g82
BmnBmn2BmJY,m

(1) 2gYYmJm
(1)2

1

4
YmnYmn.

~33!

For the matter fieldsXm and Ym , the field strengths are
Xmn5DmXn2DnXm ~with the covariant derivative in the ad
joint representation! and Ymn5]mYn2]nYm, while the SM
gauge field strengths have their standard form,Wmn5]mWn

2]nWm1 i @Wm,Wn# andBmn5]mBn2]nBm.
In general, the singlet currentsJY

(1) and J(1) are linearly
independent. We express the original currentsJ1,2

(1) as

J1
m5~12a!JY

m1JN
m , ~34a!

J2
m5aJY

m2JN
m , ~34b!

whereJY is the canonical hypercharge current.JN describes
the terms that deviate from the canonical hypercharge ass
ments. Note that there is some ambiguity in definingJN ,
since we can subtract an arbitrary multiple ofJY . This is
accounted for by the parametera. The current which is
coupled to the heavy vector bosonY in Eq. ~33! is then given
by

Jm
(1)5~c822a!JY,m

(1) 1JN,m
(1) . ~35!

Furthermore, we introduce the Higgs current

Vm5 i @h~Dmh!†2~Dmh!h†#, ~36!

which may be decomposed into its singlet and triplet par

Vm
(1)5tr Vm , Vm

(3)5Vm2
1

2
tr Vm . ~37!
01500
n-

:

For later use we also define field strength tensors,

Vmn
(3)5DmVn

(3)2DnVm
(3) and Vmn

(1)5]mVn
(1)2]nVm

(1) ,

~38!

where

DmVn
(3)[]mVn

(3)1 i @Wm ,Vn
(3)#. ~39!

With these definitions, the Goldstone Lagrangian~20! can be
expanded to yield

L 0
G5MX

2 tr XmXm1gX

c22s2

2
tr@XmVm

(3)#1
1

2
MY

2YmYm

1gY

c822s82

4
YmVm

(1)1
1

2
tr~Dmf!†~Dmf!

1~Dmh!†~Dmh!2
1

6F2
tr@Vm

(3)V(3),m#1•••, ~40!

where the omitted terms are higher-dimension interacti
which are irrelevant for our discussion. The vector-bos
masses are given by

MX5gXF/2 and MY5gYF/~2A5!, ~41!

respectively. After electroweak symmetry breaking, t
physical masses of theX and Y bosons get corrections o
orderv2/F, but this is irrelevant for our discussion.

Following the lines of the beginning of this section, theX
and Y vector fields are integrated out by completing t
square in the Lagrangian. This is achieved by the redefi
tions

Xm8 5Xm2
gXc2

MX
2

Jm
(3)1gX

c22s2

4MX
2

Vm
(3) , ~42!

Ym8 5Ym2
gY

MY
2

Jm
(1)1gY

c822s82

4MY
2

Vm
(1) ~43!

and leads to the low-energy effective Lagrangian

L5L (3)1L (1), ~44!

where the triplet and singlet parts are given by

L (3)52
1

2g2
tr@WmnWmn#22 tr@WmJm

(3)#

1 f JJ
(3) tr@J(3),mJm

(3)#1 f VV
(3) tr@V(3),mVm#

1 f VJ
(3) tr@V(3),mJm

(3)#, ~45!
4-5
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L (1)52
1

4g82
BmnBmn2BmJY,m

(1) 1 f JJ
(1)J(1),mJm

(1)

1 f VV
(1)V(1),mVm

(1)1 f VJ
(1)V(1),mJY,m

(1) 1 f VN
(1)V(1),mJN,m

(1) ,

~46!

respectively. The littlest Higgs model values of the coe
cients are

f JJ
(3)52

4c4

F2
, ~47a!

f VV
(3)52

1

6F2 S 11
3

2
~c22s2!2D , ~47b!

f VJ
(3)5

2c2~c22s2!

F2
, ~47c!

f JJ
(1)52

10

F2
, ~47d!

f VV
(1)52

5

8F2
~c822s82!2, ~47e!

f VJ
(1)5

5~c822a!~c822s82!

F2
, ~47f!

f VN
(1)5

5~c822s82!

F2
. ~47g!

The overall structure of the effective Lagrangian~44!–
~46! is generic to little Higgs models. In extended mode
there are extraU(1) gauge symmetries which are associa
with multiple linearly independent currentsJN . ~In the origi-
nal version of the littlest Higgs model@2#, the extra singlet
currentJN and the parametera are both zero.! If there are
multiple Higgs doublets in the light spectrum, we can co
struct multiple currentsVi ,m . One linear combination o
these is the Noether current of the electroweak symme
and it plays the role ofVm in the littlest Higgs model, while
the others provide extra interactions which induce anoma
couplings in the multidoublet Higgs sector. In the pres
paper, we restrict ourselves to the discussion of a sin
Higgs doublet and leave the multidoublet case as a strai
forward extension.

Otherwise, the information about the specific model
encoded in the values of the operator coefficients. In part
lar, the factorA5 in theY mass~41! corresponds to factors o
5 in the singlet coefficients~47d!–~47g!. In models with a
differentU(1) embedding, this prefactor will take a differe
value. The constant term inf VV

(3) is a consequence of th
nonlinear Goldstone-boson representation. The analog
constant term inf VV

(1) happens to be zero in the littlest Higg
model. The terms that involve mixing angles depend on
01500
-

,
d

-

es

s
t
le
t-

s
u-

us

e

corresponding vector-boson spectrum. For instance, the
a variant of the littlest Higgs model where the extraU(1)
symmetry is ungauged@6,7,16#. In this model, the singlet
coefficients vanish identically.

C. Heavy scalars and the Higgs boson

In the expansion of the Goldstone Lagrangian~40!, the
kinetic energy of the heavy scalar multipletf

L 0
f5

1

2
tr~Dmf!†~Dmf! ~48!

produces an extra contribution to the effective Lagrang
when f has been integrated out. This effective interacti
has to be combined with the other terms in the Colem
Weinberg potential of the scalar fields, which is generated
one-loop order.

In the littlest Higgs model, the potential involves th
Higgs doubleth and the tripletf. The coefficients are gen
erated by gauge-boson and fermion exchange and are th
fore proportional to the gauge and Yukawa couplings:

L 0
CW52

1

2
Mf

2 tr@ff†#1m2~h†h!2l4~h†h!2

2 il2f~h†fh* 2hTf†h!2l2ff tr@~ff†!~hh†!#

2 il4f~h†h!~h†fh* 2hTf†h!2l6~h†h!3 ~49!

with the f mass parameter

Mf
2 52F2@~g1

21g2
21g18

21g28
2!k1l1

2k8# ~50!

and the coupling constants

l2f5
F

2A2
@~g1

21g18
22g2

22g28
2!k2l1

2k8#, ~51a!

l45Mf
2 /4F2, ~51b!

l2ff522Mf
2 /3F2, ~51c!

l4f52l2f /F2, ~51d!

l652Mf
2 /6F4, ~51e!

which are sensitive to the UV completion of the theory v
the dimensionless parametersk and k8. To get the correct
pattern of electroweak symmetry breaking, thef mass
squaredMf

2 must be positive. This implies the relation

S e2

sw
2 s2c2

1
e2

cw
2 s82c82D k1

l t
2

ct
2

k8,0, ~52!

which the unknown coefficientsk andk8 have to satisfy.
The Higgs-boson mass parameterm2 is given to leading-

logarithmic one-loop order by
4-6
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m252
3

64p2 F3g2MX
2 log

L2

MX
2

1g82MY
2 log

L2

MY
2G

2
l

16p2
Mf

2 log
L2

Mf
2

1
3l t

2

8p2
MT

2 log
L2

MT
2

, ~53!

but there are constant one-loop and two-loop correction
this quantity with prefactors of the orderF2/16p2

;L2/(4p)4 which are not necessarily negligible.
To get all terms that we will need later, we integrate o

the heavy scalar using the redefinition

f85f2
2il2f

Mf
2 S 11

D2

Mf
2

1
2l2ff

Mf
2

hh†D 21

3S 11
l4f

l2f
h†hDhhT. ~54!

Expanding the resulting effective Lagrangian up to seco
order, we obtain

L f5
2l2f

2

Mf
2 F ~h†h!212S l4f

l2f
2

l2ff

Mf
2 D ~h†h!3

1
1

Mf
2

tr Dm~h* h†!Dm~hhT!1•••G . ~55!

The first term in this expression modifies the coefficientl4,

l4
eff5

Mf
2

4F2
2

2l2f
2

Mf
2

. ~56!

Hence, up to corrections of orderv4/F2, the Higgs-boson
mass is given by

mH
2 52l4

effv2

522v2S e2

sw
2 c2

1
e2

cw
2 c82D k

3

S e2

sw
2 s2

1
e2

cw
2 s82D k1

l t
2

ct
2

k8

S e2

sw
2 s2c2

1
e2

cw
2 s82c82D k1

l t
2

ct
2

k8

. ~57!

The m mass parameter is related to this bym25mH
2 /2. For

electroweak symmetry breaking to occur,m2 has to be posi-
tive, so the relation

l2f
2

Mf
4

,
1

8F2
~58!

must be satisfied@4,6#.
The other terms in Eq.~55! are dimension-6 operators

which may be rewritten as
01500
to

t

d

L 6
f52

4l2f
2

3F2Mf
2 ~h†h!31

4l2f
2

Mf
4 $~h†h!@~Dmh!†~Dmh!#

1@~Dmh!†h#@h†~Dmh!#%. ~59!

Again, this particular expression is specific to the little
Higgs model. However, in more general models the struct
is similar: The effective Higgs potential containsh4 andh6

terms, while the exchange of heavy scalars between l
Higgs bosons generates derivative interactions. The quan
numbers of the heavy scalar determine the structure of th
terms, i.e., the curly brackets in Eq.~59!. Introducing the
operators

O VV
(3)5tr V(3),mVm

(3) , ~60!

Ohh5~h†h!@~Dmh!†~Dmh!#, ~61!

Oh,15@~Dmh!†h#@h†~Dmh!#, ~62!

from integrating out triplets with hypercharge 2 (f2), hyper-
charge 0 (f0), or singletss0, we obtain interactions of the
form

f2:Ohh1Oh,1 , ~63!

f0:2O VV
(3)13Ohh2Oh,1 , ~64!

s0:2O VV
(3)12Ohh , ~65!

respectively. In the littlest Higgs model, onlyf2 is present.
These derivative interactions combine with the triplet a
singlet Higgs current interactions we have encountered w
integrating out the vector fields.

D. Heavy fermions and the top quark

Finally, we derive the low-energy effective Lagrangian
the fermion sector. We expand the Yukawa term of the littl
Higgs modelLY ~26! to order 1/F2:

LY52l1FS 12
1

F2
h†hD t̄ RTL1l1A2S 12

2

3F2
h†hD

3 t̄ RhTq̃L2
il1

F
t̄ Rh†fq̃L1•••1H.c. ~66!

Combining this with theT mass term

LT52l2FT̄RTL1H.c., ~67!

we diagonalize the two toplike states to leading order by
rotation

tR→cttR1stTR , ~68!

TR→2sttR1ctTR , ~69!

where the mixing angle is given by
4-7
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st5
l1

Al1
21l2

2
, ct5

l2

Al1
21l2

2
. ~70!

We may first integrate out the heavy scalarf in the expres-
sion ~66!. Using the leading term of Eq.~54!, this is equiva-
lent to the replacement

f→ 2il2f

Mf
2

hhT. ~71!

In the rotated basis, the Yukawa terms take the form

LY1LT52
l tF

ctst
T̄RTL1l tA2

st

ct
T̄RhTq̃L1

l t

F
h†h t̄RTL

1l tA2S 12
b

F2
h†hD t̄ RhTq̃L1H.c., ~72!

where

l t5
l1l2

Al1
21l2

2
and b5

2

3
2

A2l2fF

Mf
2

. ~73!

To get the low-energy effective Lagrangian, we combine
chiral statesTL andTR into a Dirac fieldT with mass

MT5l tF/ctst1O~v2/F !. ~74!

Completing the square in the Lagrangian,

T85T1l t~ iD” 2MT!21SA2
st

ct
hTq̃L1

1

F
h†htRD , ~75!

we can integrate outT8. We expand the result up to the ord
1/F2 and obtain

L f
eff5 (

Q5qL ,tR ,bR

Q̄~ iD” !Q1
2st

4

F2
qD Lh* ~ iD” !hTq̃L

1l tA2S 12
b2st

2

F2
h†hD ~ t̄ RhTq̃L1H.c.!. ~76!

Using the operator definitions

OVq5qD LV” Tq̃L , ~77!

OVt5 t̄ RV” (1)tR , ~78!

Ohq5h†h~ t̄ RhTq̃L1H.c.!, ~79!

this can be rewritten in the form

L f
eff5 (

Q5b,t
Q̄~ iD” !Q1l tA2~ t̄ RhTq̃L1H.c.!1 f VqOVq

1 f VtOVt1 f hqOhq , ~80!

where the coefficients in the littlest Higgs model are
01500
e

f Vq52
st

4

F2
, f Vt50, f hq5

A2l t

F2
~ct

2st
22b!, ~81!

andb is the coefficient resulting from the scalar interactio
given in Eq.~73!.

In the effective Lagrangian~80!, all reference to the spe
cific model is encoded in the values of the coefficientsf Vq ,
f Vt , and f hq . Since in the littlest Higgs model there is n
mixing of the left-handed fields, the anomalous couplingf Vt
of the right-handed top quark vanishes. In general, this n
not be the case. Furthermore, other quarks and leptons
also mix with heavy partners. Such mixings are constrain
by the absence of flavor-changing neutral currents. We
not consider this complication in the present paper.

The Lagrangian~80! gives rise to the top mass

mt5l tv1
f hq

2A2
v3. ~82!

The small correction to the canonical valuel tv is detectable
only if l1 andl2 are determined directly, i.e., by measurin
production and decay of the heavyT at the percent level.
This accuracy is not likely to become feasible in the ne
future @16#. From the viewpoint of the low-energy effectiv
theory, it is more appropriate to takemt as an input param-
eter and absorb the correction in the mass term. Thus,
rewrite Eq.~80! as

L f
eff5 (

Q5b,t
Q̄~ iD” !Q1

mt

v
A2~ t̄ RhTq̃L1H.c.!1 f VqOVq

1 f VtOVt1 f hqOhq8 , ~83!

where in the redefined operator

Ohq8 5~h†h2v2/2!~ t̄ RhTq̃L1H.c.! ~84!

the contribution to the top mass is removed.

III. EQUATIONS OF MOTION

The effective Lagrangian consisting of Eqs.~45!, ~46!,
and~55! is not yet well suited for discussing physical obser
ables. The reason is the presence of couplingsV-J between
the Higgs and fermion currents, which after spontane
symmetry breaking induce anomalous couplings of theW
and Z bosons to fermions. This is not a problem, but sin
gauge-boson interactions with fermions define the ga
couplings of the SM, it is convenient to eliminate the corre
tions by appropriate field redefinitions, i.e., by applying t
equations of motion. The result will be more transparent, a
the coefficients in the effective Lagrangian can be more e
ily related to measurable quantities.

It is natural to separate triplet and singlet terms in t
procedure. Here, the triplet terms conserve the approxim
custodial SU(2)c symmetry of the SM, while the single
terms ~which, incidentally, are more model dependent! in-
duceSU(2)c violation and thus contribute to ther param-
eter.
4-8
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A. Custodial SU„2… conserving terms

In Eq. ~45!, the total contribution linear in the fermioni
triplet currentJm

(3) is given by

L J
(3)522 trF S Wm2

1

2
f VJ

(3)V(3),mD Jm
(3)G . ~85!

A ~nonlinear! redefinition ofWm eliminates the extra term in
Eq. ~85!. This is equivalent to an application of the equatio
of motion, which for theW field read

05
dL

dWm
52

2

g2
DnWmn1Vm

(3)22Jm
(3)1•••. ~86!

The omitted terms are of dimension 5 and higher and t
irrelevant for our discussion. To eliminate theVmJm term, we
add the operator

05
1

2
f VJ

(3) trFVm
(3) dL

dWm
G

52
1

g2
f VJ

(3) tr@Vm
(3)DnWmn#1

1

2
f VJ

(3) tr@V(3),mVm
(3)#

2 f VJ
(3) tr@V(3),mJm

(3)# ~87!

to the effective Lagrangian, such that theV-J coupling van-
ishes in the result. Applying partial integration to the fir
operator on the right-hand side of Eq.~87! and combining
the additional terms with Eq.~45!, we obtain

L (3)52
1

2g2
tr@WmnWmn#22 tr@WmJm

(3)#1 f JJ
(3)O JJ

(3)

1 f VWOVW1 f VV
(3)O VV

(3) , ~88!

where the dimension-6 operators are defined as

O JJ
(3)5tr J(3),mJm

(3) , ~89!

OVW5tr Vmn
(3)Wmn, ~90!

O VV
(3)5tr V(3),mVm

(3) . ~91!

The coefficients in Eq.~88! are, in the littlest Higgs model,

f JJ
(3)52

4c4

F2
, ~92!

f VW52
c2~c22s2!

g2F2
, ~93!

f VV
(3)5

~112c2!~c22s2!

4F2
2

1

6F2
. ~94!
01500
s
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t

To convert this result into a more useful form, we expa
the derivative acting onV and rewrite it in terms of the basi
introduced in@10#:

OVW524OW22OBW22OWW, ~95!

where

OW5 i ~Dmh!†Wmn~Dnh!, ~96!

OBW52
1

2
Bmnh†Wmnh, ~97!

OWW52
1

2
~h†h!tr WmnWmn. ~98!

The last operator renormalizes the kinetic energy of the v
tor bosons. Noting that the gauge couplingg ~in our conven-
tion! appears in the dimension-4 Lagrangian only as the p
actor of theW kinetic energy, we can add a term proportion
to trWmnWmn to the Lagrangian and completely absorb
effect into a redefinition ofg, a shift which is unobservable
in the effective theory.~The same argument has been appl
to the top-quark mass above.! Hence, we can replace Eq
~95! by

OVW524OW22OBW22OWW8 , ~99!

where now

OWW8 52
1

2
~h†h2v2/2!tr WmnWmn. ~100!

The second operator on the right-hand side of Eq.~87!
should also be investigated:

O VV
(3)5tr Vm

(3)Vm5tr VmVm2
1

2
tr Vmtr Vm. ~101!

This can be rewritten as3

O VV
(3)53Ohh1

1

2
~h†h!@~D2h!†h1h†~D2h!#, ~102!

whereOhh is defined in Eq.~61!. Similar to the treatment of
OWW, we add a term proportional to (Dmh)†(Dmh) to the
Lagrangian and absorb it in the Higgs-boson kinetic ene
while on the other hand we replaceOhh by

Ohh8 5~h†h2v2/2!@~Dmh!†~Dmh!#. ~103!

This implies a redefinition of the physical value ofv. From
the SM Lagrangian, the Higgs-boson part of which reads

3We choose to eliminate the operatorOh,25@]m(h†h)#2/2 of Ref.
@10# in favor of Ohh , whose physical interpretation is more obv
ous.
4-9



ich

i-

w

e
he

er

ors

in
the

e

rgy
li-
ar-
-

c-
es-

W. KILIAN AND J. REUTER PHYSICAL REVIEW D 70, 015004 ~2004!
LHiggs5~Dmh!†~Dmh!1m2~h†h!2l~h†h!22~h†JS1JS
†h!,

~104!

we read off the equation of motion forh,

D2h5m2h22l~h†h!h2JS , ~105!

whereJS is the scalar current of the massive fermions wh
couples to the Higgs field. For the quartic couplingl, we
should take the effective couplingl4

eff ~56!. Thus, we can
expressO VV

(3) as

O VV
(3)53Ohh8 26l4

effOh,38 2
1

2
OJS

8 , ~106!

where the additional operators are

Oh,38 5
1

3
~h†h2v2/2!3, ~107!

OJS
8 5~h†h2v2/2!~h†JS1JS

†h!. ~108!

Again, we have absorbed terms proportional tov2 in the
definition of m2, l, and the physical fermion masses. Add
tional contributions toOhh8 andOh,3 come from the terms in
Eq. ~59! which encode heavy-scalar exchange.

B. Custodial SU„2… violating terms

From integrating out the heavy hypercharge boson,
have obtained an interaction of the form

L J
(1)52~Bm2 f VJ

(1)V(1),m!JY,m
(1) 1 f VN

(1)V(1),mJN,m
(1) . ~109!

Analogous to the triplet case, the coupling ofV(1) with the
hypercharge currentJY

(1) can be eliminated from the effectiv
Lagrangian by the equations of motion. However, if t
model provides aU(1) currentJN

(1) which is linearly inde-
pendent of the hypercharge current, the resulting extra t
in Eq. ~109! cannot be removed in this way.

Nevertheless, we proceed as before and add the term

05 f VJ
(1)Vm

(1) dL
dBm

5 f VJ
(1)Vm

(1)S 2
1

g82
]nBmn1

1

2
Vm

(1)2JY,m
(1) D ,

~110!

such that the result reads

L (1)52
1

4g82
BmnBmn2BmJY,m

(1) 1 f JJ
(1)O JJ

(1)1 f VBOVB

1 f VV
(1)O VV

(1)1 f VN
(1)O VN

(1) . ~111!

Here, the operators are defined as

O JJ
(1)5J(1),mJm

(1) , ~112!
01500
e

m

OVB5Vmn
(1)Bmn, ~113!

O VV
(1)5V(1),mVm

(1) , ~114!

O VN
(1)5V(1),mJN,m

(1) . ~115!

In the littlest Higgs model, the operator coefficients are

f JJ
(1)52

10

F2
, ~116!

f VB52
5~c822a!~c822s82!

2g82F2
, ~117!

f VV
(1)5

5~112c8224a!~c822s82!

8F2
,

~118!

f VN
(1)5

5~c822s82!

F2
. ~119!

Switching to a more familiar basis, we expand the operat
as follows:

OVB528OB24OBW24OBB8 , ~120!

O VV
(1)52Ohh8 212l4

effOh,38 2OJS
8 14Oh,1 ~121!

where the new terms are

OB5
i

2
~Dmh!†~Dnh!Bmn, ~122!

OBB8 52
1

4
~h†h2v2/2!BmnBmn, ~123!

Oh,18 5@~Dmh!†h#@h†~Dmh!#

2~v2/2!~Dmh†!~Dmh!. ~124!

Analogous toOhh8 , in the definition of the operatorOh,18 the
contribution that would modify the Higgs kinetic energy
the unitary gauge has been subtracted and absorbed in
definition ofv. Finally, we note that from Eq.~59! we get an
additional contribution to the coefficient of th
SU(2)c-violating operatorOh,1 .

IV. PRECISION OBSERVABLES

In the previous sections, we have derived the low-ene
effective Lagrangian of a little Higgs model, which is app
cable in the energy range below the lowest-lying new p
ticle in the spectrum. Collecting all terms, we list the com
plete result in the Appendix as Eq.~A1!.

Below we will discuss the contributions to the ele
troweak precision observables that follow from this expr
4-10
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sion. Anomalous vector-boson and Higgs-boson coupli
are the subject of the next section.

A. Oblique corrections

The two operatorsOBW and Oh,1 influence the gauge
boson two-point functions. These corrections are usually
pressed in terms of theS,T,U parameters@10,17,18#. In our
context, there is no dimension-6 operator which correspo
to U, soDU is zero. The other two parameters get contrib
tions from the exchange of heavy particles.

Expanding the operator

OBW52
1

2
Bmnh†Wmnh ~125!

in terms of physical fields, we have to modify the rotation
neutral fields by the correction present in Eq.~A1!:

W35
e

sw
$cw@11MZ

2~ f VW12 f VB!#Z1swA%, ~126!

B5
e

cw
$2sw@11MZ

2~ f VW12 f VB!#Z1cwA%,

~127!

in order to get the correct kinetic energies ofZ andA in the
effective Lagrangian. Correspondingly, the gauge coupli
g andg8 are given by

g5
e

sw
@11MW

2 ~ f VW12 f VB!#, ~128!

g85
e

cw
$11@MZ

22MW
2 #~ f VW12 f VB!%, ~129!

if expressed in terms ofe andsw ,cw .
Here,e is the ordinary electromagnetic coupling.~In prac-

tice, we have to account for a nontrivial scale dependenc
this quantity, but this effect is universal and independen
our discussion.! For the definition of the weak mixing angl
sw , we first consider the special case whereJN50, i.e., the
hypercharge vector bosons couple only to the standard
percharge current. This covers, in particular, the original
tlest Higgs model where the fermions are gauged only un
oneU(1) group. Then, the sine of the weak mixing anglesw
is measured directly inZ decays, since in our framewor
both the vector and the axial vector coupling receive
same correction,

Dv f /v f5Daf /af5MZ
2~ f VW12 f VB!, ~130!

such that the ratiov f /af is unaffected.
As a result,OBW contributes to theS parameter. In our

case, we have

DS58pv2~ f VW12 f VB! ~131!
01500
s
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528pc2~c22s2!
v2

g2F2

240p~c822a!~c822s82!
v2

g82F2
. ~132!

The second equation gives the value in the littlest Hig
model.

Turning to theSU(2)c-violating sector, the operatorOh,18
~124! yields a correction to theW mass~but not theZ mass!:

DMW
2 /MW

2 52
v2

2
f h,1 . ~133!

This is equivalent to a contribution to theT parameter:

aDT52
v2

2
f h,1 ~134!

52
5

4
~112c8224a!~c822s82!

v2

F2
2

2v2l2f
2

Mf
4

,

~135!

where again the second equation applies to the littlest Hi
model only.

Collecting all contributions, the physical vector mass
get shifted as follows:

MW
2 5S ev

2sw
D 2

~11x!, MZ
25S ev

2swcw
D 2

~11y!,

~136!

where

x5aS DS

4sw
2

1DTD 52MW
2 ~ f VW12 f VB!2

v2

2
f h,1 ,

~137!

y5aS DS

4sw
2 cw

2 D 52MZ
2~ f VW12 f VB!. ~138!

B. Nonuniversal hypercharges

If the model contains a currentJN which is linearly inde-
pendent from the hypercharge currentJY , the situation be-
comes more complicated. This typically happens if the f
mions are charged under more than oneU(1) gauge group,
since there is no particular reason to have the twoU(1)
charges proportional to each other.

We may use the freedom of choosing the parametera in
Eqs.~34a!,~34b! to remove, for instance, the left-handed le
ton contribution inJN . Then, the unitary-gauge interaction
induced byOVN are
4-11
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LVN5
22MW

2

gcw
f VN~z,,̄RZ” ,R1zQQ̄LZ”QL1zuūRZ” uR

1zdūRZ” dR!1•••, ~139!

with some fixed parameterszf , where the ellipsis indicate
couplings that involve the Higgs field. To verify that th
terms inLVN cannot be eliminated, we recall that the co
plings to both the neutral isospin and hypercharge curre
satisfy the sum rules

gL
n1gL

,5gR
n 1gR

, , ~140!

gL
u1gL

d5gR
u1gR

d , ~141!

gL
n1gL

,523~gL
u1gL

d!. ~142!

Any linear combination of the two currents also satisfi
these sum rules. In particular, this holds for the electrom
netic current and for the current coupled to theZ boson.
Higher-dimensional bosonic operators do not affect t
property.

However, by definition, the sum rules are violated by
nonvanishingJN . Therefore, its presence can be constrain
e.g., by measuring the ratios

r ,5
gR

n 1gR
,

gL
n1gL

,
, r q5

gR
u1gR

d

gL
u1gL

d
, r q,523

gL
u1gL

d

gL
n1gL

,
.

~143!

In other words, if any of these quantities deviates from un
we know that the model contains a third linearly independ
current, which in the present context is due to nonunive
charge assignments for theU(1) gauge groups.

In this situation, the standard two-parameter analysis
the electroweak precision observables is no longer appro
ate. If the extra U(1) charges ~i.e., the parameters
z, ,zQ ,zu ,zd) are taken as unknowns, many of the ele
troweak observables such asALR , AFB

b , GZ , Gn̄n , etc., be-
come independent of each other. TheU(1) charges may
even depend on the fermion generation, as long as the
straints on flavor-changing neutral currents are respecte
is interesting that the numerical quality of the present el
troweak fit is rather poor@20#, so there might already be
hint of such new-physics contributions. On the other ha
for a specific model with fixedU(1) charge assignments,
is straightforward to include the appropriate modifications
the expressions for theZ-fermion couplings. The remaining
free parameters are formally equivalent to theS and T pa-
rameters that we have discussed in the preceding sec
However, the numerical fit to the electroweak data has to
reconsidered in this framework@7#.

C. Four-fermion interactions

At very low energies, theW and Z bosons are also inte
grated out and give way to the four-fermion interactions
the Fermi model. These interactions get corrections from
exchange of heavy vector bosons, i.e., from the operato
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O JJ
(3)5tr J(3),mJm

(3) and O JJ
(1)5J(1),mJm

(1) . ~144!

which are both present in Eq.~A1!. Looking at charged cur-
rent interactions, together with the shift in theW mass this
correction effectively modifies the relation of the Fermi co
stant and the Higgs-boson vacuum expectation valuev:

A2GF5
1

v2
~11z! with z52aDT2

v2

4
f JJ

(3) . ~145!

It is customary to chooseGF ~as measured in muon de
cay! as an independent parameter of the SM. If this
complemented byMZ anda ~i.e.,e), we have to account for
the shifts in the vector-boson masses and define the pa
etersv̂0 and ŝ0 by the relations

v̂05~A2GF!21/2 and MZ5
ev̂0

2ŝ0ĉ0

. ~146!

The two definitions of the weak mixing angle are thus rela
by

sw
2 5 ŝ0

2S 11
ĉ0

2

ĉ0
22 ŝ0

2 ~y1z!D ,

cw
2 5 ĉ0

2S 12
ŝ0

2

ĉ0
22 ŝ0

2 ~y1z!D . ~147!

D. Constraints on the littlest Higgs model

Electroweak precision data constrain the allowed para
eter space of little Higgs models. We have seen that in
case of universal hypercharges, up to the orderv2/F2, all
corrections to low-energy observables can be parametrize
terms ofDS, DT, and two extra parameters which introdu
contact interactions of the triplet and singlet currents. Ev
in the nonuniversal case, for any specific model where
hypercharge assignments are fixed we may take into acc
their effects in the electroweak observables explicitly. Th
in addition toS and T, the coefficientf VN

(1) is left as a free
parameter, which can be constrained by the analysis oZ
decays.

Contact interactions have been sought for at both had
and lepton colliders. Since they are formally of higher ord
on the Z pole ~the interference of signal and backgroun
vanishes on the resonance!, they yield an independent set o
constraints. The exact form depends on theU(1) charge as-
signments.

For illustration, let us consider the original version of th
littlest Higgs model@2# where the situation is particularly
simple, since all fermions couple to the firstU(1) group only
(a50 and JN50). The present exclusion limits forZ8
bosons@19# can be turned into limits on the values off JJ

(3)

and f JJ
(1) @Eqs.~92!,~116!#, i.e., on the ratiosc2/F andc82/F.

Thus, for a given value ofF these constraints can be evad
if c andc8 are both small. This is the limit where the massi
vector bosons become superheavy and simultaneously
4-12
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couple from fermions. In fact, forc or c8 less than about 0.1
the vector-boson masses are of the same order as the c
L where the little Higgs model breaks down as a low-ene
effective theory, and new~strong! interactions may be ex
pected.

From current experimental data, the combined limit fo
Z8 boson with SM-like couplings isMZ8*1.5 TeV@19#. For
the littlest Higgs model, this translates roughly into

c2&F/4.5 TeV and c82&F/10 TeV. ~148!

The limits for charged heavy vector bosons are somew
weaker.

In the limit c;c8→0 where all contact interactions dis
appear, the correction toS @Eq. ~131!# also vanishes. How-
ever, there remains a constant contribution toT @6#,

aDT~c850!5
5v2

4F2
2

2v2l2f
2

Mf
4

, ~149!

where the second term depends on the parameters in
Coleman-Weinberg potential.

The first term in Eq.~149! is due to the existence of th
heavy hypercharge bosonY. This positive shift inT pushes
the model out of the exclusion contour in theS-T plane
allowed by electroweak data for a light Higgs boson, unl
F is larger than about 4 TeV. The second term, the shift
to heavy-scalar exchange, is negative. However, the bo
~58! implies that the netDT will not be smaller thanv2/aF2.

When discussing little Higgs models, it is usually a
sumed that the Higgs boson is light, presumably close to
lower experimental limitm0'115 GeV. However, this is no
necessarily true: Depending on the parameters in
Coleman-Weinberg potential@e.g., if the two contributions in
the denominator of Eq.~57! almost cancel each other#, the
physical Higgs-boson mass can take any value that is no
conflict with unitarity. Increasing the Higgs-boson mass w
respect to the reference valuem0, we get additional shifts in
S andT. These are approximately given by@17#

DS5
1

12p
ln

mH
2

m0
2

and DT52
3

16pcw
2

ln
mH

2

m0
2

. ~150!

~The complete one-loop formulas can be found, e.g., in@10#.!
As a consequence, the positive contribution toT can be par-
tially canceled by an increase in the Higgs-boson mass. N
that this would also reduce the amount of fine-tuning in
model.

In the presence of obliqueandnonoblique corrections on
has to carefully define theS andT parameters. In our effec
tive theory they are defined on the operator level and can
read off from the gauge-boson masses@Eq. ~136!#, if the
scalev is given. Introducing the abbreviationsgW5e/sw and
gZ5e/(swcw) for the couplings ofW and Z to fermions~e
andsw defined at theZ pole!, using Eqs.~128!,~130!,~136!–
~138! we can make up dimensionless ratios
01500
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MW
2

cw
2 MZ

2
512

a

4cw
2

DS1aDT, ~151!

GW
2

MW
2

}gW
4 S 112

a

4sw
2

DSD , ~152!

GZ
2

MZ
2
}gZ

4S 112
a

4sw
2 cw

2
DSD , ~153!

wherev drops out. Here,GW/Z stand for either the total width
or for a partial decay width of the corresponding vector b
son. The prefactors in Eqs.~152!,~153! are known functions
which at leading order just depend onsw , while higher-order
corrections, in a consistent approximation, add incohere
to the new-physics contribution considered here. Accept
the fact thatGW is not sufficiently well measured to be re
evant here, we nevertheless can extractS and T from Eqs.
~151! and ~153! alone, i.e., exclusively fromZ- andW-pole
data.

This is not the conventional way of extracting the obliq
parameters@16,20#, wheree and sw are used as above, bu
the low-energy observableGF is included as a dimensionfu
quantity which sets the scalev. Due to the presence of non
oblique new physics, the relation betweenGF andv is modi-
fied by an amountz according to Eq.~145!, which accounts
for the shifts in the electroweak couplings and theW mass as
well as a triplet contact term. Generically, for any model w
a heavy-gauge triplet we have

z[2aDT1d ~154!

with d5(c2v/F)2, wherec is the cosine of the mixing angle
between the twoSU(2) andF the high scale.

In the presence of nonoblique corrections we may call
conventional definition ofS, T, andU effectiveparameters,
which in the linear approximation are given by@20#

MW
2

MW,0
2

511
a

4sw
2 ~Seff1Ueff!,

MZ
2

MZ,0
2

511
a

4sw
2 cw

2
Seff2aTeff , ~155!

GZ

MZ
2bZ

511aTeff ,

wherebZ5GZ,0 /MZ,0
3 . The quantities with the zero subscrip

are calculated in the pure SM, i.e, using themeasuredvalues
of e, sw , and GF . While the extraction ofe from electro-
magnetic data andsw from Z-pole asymmetries is free o
nonoblique corrections,GF contains an extra contributionz
@Eq. ~145!# if related to the electroweak scalev.

In our effective theory, we obtain
4-13
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MW
2

MW,0
2

511
a

4sw
2

DS1d,

MZ
2

MZ,0
2

511
a

4sw
2 cw

2
DS2aDT1d,

GZ

MZ
2bZ

511aDT2d. ~156!

A comparison with Eq.~155! reveals the connection betwee
the effective parameters and the ones we have calcul
above,

Seff5DS, ~157!

Teff5DT2
1

a
d, ~158!

Ueff5
4sw

2

a
d. ~159!

The result is somewhat unexpected: The choice of the l
energy parameterGF as input mimics nonvanishingTeff and
Ueff even in the absence of custodialSU(2) violation. Actu-
ally, low-energy neutral-current data or a precise meas
ment of theW width would allow for the identification of the
nonoblique correctiond, but the present experimental acc
racy is insufficient for this, given the small values ofd that
are allowed by the direct constraints on heavy vector bos

In the littlest Higgs model, for increasing mixing anglec
the shift inTeff ~which is proportional toc4) compensates the
positive DT contribution of theSU(2)c-violating sector,
eventually resulting in a negativeTeff value.

In Fig. 1, we depict the allowed region in theSeff-Teff
plane for two different values ofF. The contours are re
stricted by the direct limits on contact interactions. Aft
having translated ourDS,DT parameters to the effectiv
ones, we can take the fit of theSTeff-parameters for a given
Higgs massas is @20# and compare it with the prediction o
the model under consideration. Looking at the figure, we
conclude that a light Higgs boson (mH5120 GeV) is con-
sistent with the littlest Higgs model only ifF*4 TeV @4–6#.
However, allowing for larger Higgs-boson masses redu
this limit to less than 4 TeV. We should also keep in mi
that radiative corrections@13# and unknown effects from new
physics beyond the UV cutoffL will add extra small shifts
to the S and T parameters which can slightly change th
conclusion.

Our derivation shows how this picture looks in more ge
eral models. In the triplet sector, any extension will res
only in additional contributions which have a form identic
to that in the littlest Higgs model. These terms will contri
ute toDS only. In the singlet sector, there is more freedo
Removing theU(1) boson, changing the hypercharge a
signments, or extending this sector in some other way allo
for different values ofDT @6,7,16#, and more free parameter
may enter the game. In particular, the spectrum can be
01500
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ranged to be consistent with the custodialSU(2) symmetry,
such that the corrections to theT parameter cancel altogethe
In such models, the bounds onF are significantly weaker
than in the littlest Higgs model@3#.

V. NEW EFFECTS

New data from the Tevatron, the LHC, and a future line
collider will allow us to constrain the parameter space
measurements of new independent observables. Apart f
improved limits on contact interactions, there will be pre
sion data on vector-boson self-couplings, and on Hig
boson and top-quark interactions. In this section, we de
the corresponding anomalous contributions, starting from
effective Lagrangian~A1!.

The results given below apply directly to any little Higg
model that contains no extra singlet current and only o
light Higgs doublet. The complications that arise in the pr
ence of an extra current have been discussed above. In a
tion to the anomalousZ couplings, the operatorO VN

(1) ~115!
induces HZff interactions which add to the terms in E
~170!. As far as the Higgs sector is concerned, many lit
Higgs models predict more than one light Higgs doubl
However, in the present paper we do not attempt a discus
of extended Higgs sectors, and leave the general case
future publication. If there are multiple physical Higgs stat
the structure of anomalous couplings in the gauge and
mion sectors is unchanged, but the genuine Higgs-bo
gauge, fermion, and self-couplings reflect the additio
complications.

FIG. 1. STpredictions for the littlest Higgs model with standa
U(1) charge assignments@2#. The shaded ellipses are the 68% e
clusion contours which follow from the electroweak precision d
@16,20#, assuming four different Higgs-boson masses. The hatc
areas are the allowed parameter ranges of the littlest Higgs m
for two different values of the scaleF. The limits from contact
interactions have been taken into account.
4-14
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A. Anomalous triple gauge couplings

Strictly speaking, tree-level contributions to triple gau
couplings from the exchange of heavy particles are imp
sible at the level of dimension-6 operators@11#. In the ab-
sence of fermions the self-couplings of vector bosons de
the gauge couplingsg and g8. However, in practice the
gauge couplings are measured in processes that involve
ternal fermions. These interactions do receive tree-level
rections. We have used the equations of motion to can
cally normalize the fermion gauge interactions. As a res
anomalous triple gauge couplings appear.

We use the standard parametrization

LWWV52 ie
cw

sw
@g1

Z~W1,mnWm
22Wm

1W2,mn!Zn

1kZWm
1Wn

2Zmn#2 ie@g1
g~W1,mnWm

2

2Wm
1W2,mn!An1kgWm

1Wn
2Amn#. ~160!

Inserting our results into the formulas of@10#, we obtain

g1
Z5kZ5122MZ

2 f VW and g1
g5kg51. ~161!

Since the anomalous contributions are generated solely
renormalization of gauge couplings, we haveg1

Z5kZ and
g1

g5kg . Electromagnetic gauge invariance requiresg1
g51;

hence the photon couplings are unchanged. TheSU(2)c re-
lation

Dkg52
cw

2

sw
2 ~DkZ2Dg1

Z! ~162!

is automatically satisfied in this case, so there is no con
bution from theSU(2)c-violating coefficientf VB .

In our derivation of the effective Lagrangian, we ha
expressed everything in terms of the parameterse,sw and a
dimensionful quantity, for which we take eitherMW , MZ , or
v. As far as the coefficients of dimension-6 operators
concerned, the particular scheme used for experimentally
fining the input parameters is irrelevant, since differences
formally of higher order. However, when discussing intera
tions that also occur at tree level in the standard model,
have to be specific about the definition of the input para
eters, since a shift in the SM contribution will be of the sam
order as the direct contribution of the anomalous inter
tions.

For instance, in theGF-MZ-a scheme, there is an add
tional contribution tog1

Z andkZ since we have to define th

three-gauge-boson vertices in terms ofŝ0 and ĉ0:

LWWZ52 ie
ĉ0

ŝ0

@g1
Z~W1,mnWm

22Wm
1W2,mn!Zn

1kZWm
1Wn

2Zmn#, ~163!

where now
01500
s-
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g1
Z5kZ5122MZ

2 f VW2
y1z

2~ ĉ0
22 ŝ0

2!
. ~164!

B. Anomalous Higgs-boson couplings

Anomalous Higgs-boson couplings are induced by b
vector and scalar exchange. Expanding the effective
grangian~A1!, we obtain the following contributions.

~1! Couplings to longitudinal gauge bosons:

LHVV5xW

2MW
2

v
HW1,mWm

21xZ

MZ
2

v
HZmZm . ~165!

These occur at the tree level in the SM and get anoma
contributions from various sources. The direct contributio
are

xW5114MW
2 f VW1

v2

2
f hh , ~166!

xZ5114~MW
2 f VW12sw

2 MZ
2 f VB!1

v2

2
~ f h,11 f hh!.

~167!

These relations apply if we define the parametersMW and
MZ in Eq. ~165! as the measured values~136!. Due to the
appearance ofv in Eq. ~165!, in theGF-MZ-a scheme there
is also an indirect contribution to be added:

DxW5DxZ52
1

2
z, ~168!

wherez is given in Eq.~145!.
~2! Couplings to transversal gauge bosons:

LHVV8 5hWW8 HW1,mnWmn
2 1hZZ8 HZmnZmn1hZA8 HZmnAmn

1hAA8 HAmnAmn . ~169!

While these terms are generated by the operatorsOBW ,
OWW8 , and OBB8 individually, they all vanish in the linear
combination present in Eq.~A1! and thus are induced at th
loop level only, as one would expect.

~3! Contact terms, i.e., direct couplings of Higgs boso
to vector bosons and the weak or hypercharge curre
These follow from Eq.~A1!, if the physical fields are in-
serted, derivatives acting on the Higgs field are eliminated
partial integration, and the equations of motion of the vec
fields are applied. Alternatively, we can read them off
rectly from theV-J interactions in Eqs.~45!, ~46!:

LHVJ5MWf VJ
(3)~HW1,mJm

21HW2,mJm
1!1MZf VJ

(3)HZmJm
(3),0

22MZHZm~ f VJ
(1)JY,m

(1) 1 f VN
(1)JN,m

(1) !. ~170!

~4! Anomalous couplings of the Higgs boson to the sca
current, i.e., to massive fermions. Due to the effect of
operatorOJS

8 , all such couplings are modified by the com

mon factor
4-15
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x f512v2f JS
511

v2

2
~ f VV

(3)12 f VV
(1)!. ~171!

If the fermions are mixed with new heavy particles, as it
the case for the top quark in little Higgs models, there
extra contributions to Eq.~171!. These will be considered
below in Sec. V D.

C. Higgs-boson pairs

In the effective Lagrangian~A1!, various terms induce
anomalous couplings which are relevant for Higgs-bos
pair production.

~1! The quarticHHWW and HHZZ couplings are modi-
fied:

LHHVV5hW

MW
2

v2
H2W1,mWm

21hZ

MZ
2

2v2
H2ZmZm ,

~172!

where

hW51120MW
2 f VW2

v2

2
~ f h,124 f hh!, ~173!

hZ51120~MW
2 f VW12sw

2 MZ
2 f VB!12v2~ f h,11 f hh!

~174!

are the direct contributions. Here, we have applied the eq
tions of motion of the Higgs boson to eliminate derivati
couplings. The indirect corrections in theGF-MZ-a scheme
are

DhW5DhZ52z. ~175!

~2! The cubic Higgs-boson self-coupling is directly a
fected by the presence of the operatorOh,3 . Furthermore, the
operatorsOh,1 and Ohh contribute to this coupling if we
eliminate derivative couplings by the equations of motio
Parametrizing the vertex by

LHHH52xH

mH
2

2v
H3, ~176!

we have a direct contribution

xH512
v2

2
~ f h,11 f hh!2

2v4

3mH
2

f h,3 . ~177!

To determine the indirect contribution, we augment the se
independent parameters (GF ,MZ ,a) by the physical Higgs-
boson massmH , to get

DxH52
1

2
z ~178!

in this scheme.
01500
e

n

a-
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D. Top-quark couplings

The presence of heavy vectorlike quarks in the spectr
affects the interactions of the top quark with gauge bos
and Higgs bosons in a nonuniversal way.

~1! The electroweak interactions of the top and botto
quarks are modified by the operatorsOVq andOVt @Eqs.~77!,
~78!#, which originate from heavy quark exchange, and
the redefinition of the vector fields due to heavy vector e
change. In the physical basis, theZ andW couplings are

LtV52
e

4cwsw
@ t̄ Z” ~v t2atg5!t2b̄Z” ~vb2abg5!b#

2
e

2A2sw

ctb@ t̄W” 1~12g5!b1b̄W” 2~12g5!t#,

~179!

where the coefficients are given by

vb5S 12
4

3
sw

2 D @11MZ
2~ f VW12 f VB!#, ~180!

ab511MZ
2~ f VW12 f VB!, ~181!

v t5S 12
8

3
sw

2 D @11MZ
2~ f VW12 f VB!#1v2~ f Vq1 f Vt!,

~182!

at511MZ
2~ f VW12 f VB!1v2~ f Vq2 f Vt!, ~183!

ctb511MW
2 ~ f VW12 f VB!1

v2

2
f Vq . ~184!

While the corrections proportional to (f VW12 f VB) are uni-
versal for all fermions and taken into account by theS-T fit
of the SM, the corrections proportional tof Vq and f Vt are
specific to the top-quark vertices.

The indirect corrections in theGF-MZ-a scheme are in
this case

Dvb52S 11
4ŝ0

2/3

ĉ0
22 ŝ0

2D y1z

2
, ~185!

Dv t52S 11
8ŝ0

2/3

ĉ0
22 ŝ0

2D y1z

2
, ~186!

Dab5Dat52
y1z

2
, ~187!

Dctb52
ĉ0

2

ĉ0
22 ŝ0

2

y1z

2
. ~188!

~2! The top-quark Yukawa coupling is also modified b
the heavyT quark. There are further effects due to nonline
Goldstone-boson interactions and heavy scalar excha
4-16
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which altogether make up the coefficient of the opera
Ohq . Finally, there are the corrections fromO VV

(3) andO VV
(1)

which have been given already in Eq.~171!. The resulting
vertex is

LtH52
mt

v
x t t̄ Ht, ~189!

where

x t511
v2

2
~ f VV

(3)12 f VV
(1)!1

v3

A2mt

f hq . ~190!

The indirect contribution in theGF-MZ-a scheme is

Dx t52
1

2
z. ~191!

~3! There are also quarticttZH and tbWH vertices:

LtVH52MZf Vqt̄HZ” ~12g5!t2MZf Vt t̄HZ” ~11g5!t

2
1

A2
MWf Vq@ t̄ HW” 1~12g5!b

1b̄HW” 2~12g5!t#. ~192!

In the littlest Higgs model,f Vt50, and these couplings ar
purely left handed, which is due to the fact that it is t
right-handed top quark that mixes with the heavyT fermion.

VI. THE RECONSTRUCTION OF A LITTLE HIGGS
MODEL

Despite the fact that little Higgs models are constrain
by electroweak precision data, there remains a consider
parameter space where such models are viable. Assum
that such a mechanism is realized in nature, one should
the question to what extent it is possible to derive the mo
and its parameters from experiments at future colliders.

To verify the generic mechanism that is common to
little Higgs models, we would like to check two character
tic properties of the model, namely, the cancelation of q
dratic divergences as a result of the symmetry structure,
the Goldstone-boson nature of the Higgs boson. A dir
check of the first property would require the measuremen
the quartic couplings of Higgs bosons to heavy vectors, s
lars, and fermions, which is out of reach of the next gene
tion of colliders. However, the symmetry structure manife
itself also in relations of couplings which are accessible o
the new particles have been discovered at the LHC@6,16,21#.
The same couplings also enter the low-energy effective
grangian. For instance, the cancelation in the vector-bo
triplet sector is reflected in the relation of the coefficientsf JJ

(3)

and f VW ~92!,~93!, once the scaleF is known. Similar state-
ments hold for the scalar and fermion sectors. Thus, a s
ciently accurate determination of the low-energy coefficie
complements direct measurements at the LHC. In ca
where direct measurements are difficult~e.g., in the scalar
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sector!, low-energy observables may be the only handle
the little Higgs mechanism.

In order to establish the Goldstone nature of the Hig
boson, we should demonstrate the nonlinearity in the Hig
boson representation above the scaleF, i.e., the presence o
nonrenormalizable terms in the Higgs-boson interactio
The low-energy trace of this is encoded in terms that
independent of the mixing angles and masses of the l
Higgs spectrum. For instance, in the littlest Higgs mod
there are a constant contribution21/6F2 in the coefficient
f VV

(3) ~94! and a similar term in the coefficientf hq ~81! @i.e.,
the constant 2/3 inb ~73!#.

Since the anomalous contributions we have calculated
the preceding sections all carry a common suppression fa
v2/F2 relative to the SM result, for a meaningful measur
ment the low-energy observables have to be determine
least to this accuracy. IfF happens to be rather high~e.g.,
F*4 TeV for the unmodified littlest Higgs model!, the re-
quired precision is in the per mil range. A high-luminosi
e1e2 linear collider can reach this level for a limited subs
of observables which include contact terms and triple ga
couplings. In the Higgs-boson and top-quark sectors, acc
cies of the order of 1–2 % are possible for the observable
interest@22#. At the LHC, the level of precision is genericall
weaker, but direct measurements are possible for new he
particles in the spectrum. Thus, if the scaleF is of the order
2 TeV or less, which is allowed in various little Higgs mod
els @3,7#, a complete coverage of the low-energy paramet
becomes feasible. In any case, all observables will be
cluded in a combined fit if signals of a little Higgs model a
found, once a sufficient data sample has been collected a
LHC and a linear collider.

A. Vector bosons

The new X and Y gauge bosons can be produced a
detected at the LHC if they are not too heavy@6#, and their
couplings can be directly measured@21#. Indirect constraints
from low-energy observables can be combined with th
results for an improved fit and will help to disentangle t
contributions of various sectors.

~1! The measurement of contact terms, e.g., in the p
cesses

e1e2→e1e2 and e1e2→m1m2, ~193!

will significantly improve the limits for a particular combi
nation of the operator coefficientsf JJ

(1) and f JJ
(3) , equivalent to

the detection of aZ8 boson up to a mass of 5 –10 Te
@22,23#. For a separate measurement of the triplet contri
tion, one needs a charged-current channel. For instance
cross section measurement of the process

e1e2→ n̄ng ~194!

allows for detecting the effect ofW8 bosons up toM
;5 TeV @22,24#. These limits can be combined with th
possible observation~or nonobservation! of those states a
the LHC to extract the scaleF and the mixing angles in the
vector-boson sector.
4-17
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~2! Another probe of heavy vector exchange is given
quarticHZff andHWff interactions, which depend onf VJ

(3) and
f VJ

(1) . The neutral component can be extracted by measu
the angular distribution and/or the energy dependence of
Higgs-strahlung process@25#, while the charged componen
affectsWW fusion.~A detailed experimental analysis of con
tact terms in Higgs-boson production has not yet been
formed.!

~3! The triple gauge couplings will be measured to bet
than per mil accuracy at a linear collider@22,26#. Assuming
thatSandT and the contact terms are known, this allows
the extraction of the coefficientf VJ

(3) to a precision level com-
parable to the contact-term measurements. Thus, an inde
dent check of the coupling relations in the vector-boson s
tor is feasible.

~4! Once the Higgs-boson mass is known, the exist
precision data can be turned into measurements ofDS and
DT. If the Giga-Z option of a linear collider is realized, th
accuracy of this measurement will improve by one order
magnitude@22#. In our context, the value ofDS provides us
with the parameter combinationf VW12 f VB . Turning the ar-
gument around, together with the measurement of tr
gauge couplings one gets an independent constraint onf JJ

(3) .
Combining those measurements in a single fit, all para

eters in the gauge sector can be derived. In particular, if
LHC and linear collider data are taken together, there will
enough redundancy to go beyond the assumption of a
cific model, such that the complete set of heavy vec
bosons~singlets and triplets! and their couplings can be re
constructed.

B. Scalars

In the effective Lagrangian~A1!, Higgs-boson operator
are affected both by the scalar and by the vector-boson
tor. Since the vector-boson contributions can be extracted
the methods described above, we get an indirect handle
the scalar sector, which is difficult to access directly. T
statistical and systematic uncertainties for Higgs-boson p
duction and decay measurements at the LHC and a lin
collider limit the achievable accuracy to 1–2 % or wors
depending on the channel and on the Higgs-boson m
@22,27#. The following arguments show that a complete co
erage of the scalar sector is possible in principle. In pract
this exercise can be successful if the scaleF is of the order
2 TeV or lower, while for higher scales the accessible inf
mation becomes limited.

~1! DT depends onf VV
(1) and a correction due to heav

scalar exchange. Once the Higgs-boson mass and the p
erties of newU(1) vector bosons are known, we can isola
this piece. This quantity~i.e., ther parameter! has been mea
sured with per mil accuracy. At GigaZ this can be improved
by another order of magnitude.

~2! The couplings of the Higgs boson to gauge boso
will be measured in Higgsstrahlung and vector-boson fus
Combining this with the information onDT, we can con-
strain the coefficientf VV

(3) .
~3! The ratio of the branching ratiosH→ f f and H

→WW,ZZ also depends on the coefficientsf VV
(3) and f VV

(1) .
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Thus, Higgs-boson decay measurements will add indep
dent information on those coefficients.~Here, we need the
assumption that the fermions are not mixed with any he
partners, which is likely true for theb quark, and even more
for t andc.!

~4! Finally, double Higgs-boson production depends
the coefficientf h,3 , the Higgs potential correction. Both at
linear collider and at the LHC this measurement is sever
statistics limited@22,28,29#, and in little Higgs models the
small corrections to the trilinear Higgs-boson coupling a
unobservable even for very lowF.

If sufficient precision can be reached from a combinat
of all available data, we can isolate the contribution of t
heavy scalarf ~and thus confirm its existence! and detect the
constant contribution inf VV

(3) @Eq. ~94!# which stems from the
last term of Eq.~40!. As discussed above, this would b
direct evidence for the Goldstone-boson nature of the Hi
boson.

Our discussion has been centered on the littlest Hi
model with its obvious generalizations, which contains jus
single Higgs doublet in its low-energy spectrum. Other lit
Higgs models predict a richer structure: Apart from ex
doublets, there could also be light scalar singlets and tripl
which have to be pair produced and thus are difficult to
cess. While this complication will not invalidate our trea
ment of the vector-boson sector, the reconstruction of
scalar sector in such models is beyond the scope of
present paper.

C. Top-quark observables

The top quark will be studied both at the LHC and at
linear collider. In addition, the LHC opens the opportunity
produce new states in the quark sector directly~e.g., the
heavy quarkT of the littlest Higgs model! and study their
decays@6,16#. Here, we consider the information on this se
tor which low-energy observables can provide.

~1! While t̄ t production at threshold is dominated b
QCD effects, continuum production of top pairs allows f
an accurate determination of the form factorsv t andat and
thus provides a measurement of the operator coefficientsf Vq
and f Vt . The achievable accuracy is of the order 1–2
@22,30#.

~2! The same coefficients are probed by measurement
the tbW vertex in single-top production and in top decays

~3! A measurement of the top Yukawa coupling~or the
ratio gttH /gbbH) complements this by information on th
scalar couplings to the top sector, i.e., the coefficientf hq .
Similar to f VV

(3) , this anomalous coupling contains a consta
contribution which is not due to heavy particle exchange,
a consequence of the nonlinear Goldstone nature of
Higgs boson. Here, a linear collider could reach a precis
of up to 2.5%~depending on the Higgs-boson mass! @22#.

The sensitivity to the top-quark sector of little Higgs mo
els from low-energy observables is similar to the scalar s
tor. However, the prospects for direct measurements at
LHC are more favorable in this case due to the fact that n
heavy quarks can be produced by strong interactions.
4-18
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VII. CONCLUSIONS

Using the effective-theory formalism, we have given
complete account of the anomalous couplings that
present in little Higgs models below the new-particle thre
old. In models without extra gaugedU(1) groups, all
present-day constraints on the parameter space are enc
in the parametersS and T and the coefficients of four
fermion contact interactions. If newU(1) vector bosons with
noncanonical hypercharge assignments are present,
complicate this picture and introduce shifts in the individu
Z-fermion couplings, so the electroweak fit has to be adap
accordingly.

The existing constraints onSandT, if combined with the
limits on contact interactions, push the expected scaleF of
the minimal little Higgs model~the littlest Higgs model in its
original version! up to 4 TeV and higher, where for a sca
less than about 5 TeV a high Higgs-boson mass is neces
to fit the electroweak data. This lower limit is mainly caus
by the large amount of custodialSU(2) violation in this
model, and it can be evaded by a different treatment of
hypercharge sector. The limits on theS parameter are simi
larly constraining and restrict the mixing angles in t
vector-boson sector.

Beyond the electroweak precision observables which h
been measured so far, new anomalous couplings ex
traces of all sectors of the model. While some masses
couplings can be determined directly in the production a
decay of heavy particles at the LHC, it will become possi
to derive the full structure of the model by combining th
with precision measurements at a future linear collider. If
achievable precision is sufficient~this strongly depends on
the actual value of the new-physics scaleF), we will be able
to check the coupling relations that are responsible for
cancelation of divergences and the nonlinear nature of
Higgs-boson interactions, thus verifying or excluding t
little Higgs mechanism as the correct model of electrowe
symmetry breaking.
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APPENDIX: THE EFFECTIVE LAGRANGIAN

In this appendix we collect the dimension-6 operators t
are present in the low-energy theory after integrating out
heavy degrees of freedom. The result can be written in
form

L65 f JJ
(3)O JJ

(3)1 f JJ
(1)O JJ

(1)1 f VN
(1)OVN2

1

2
~ f VV

(3)12 f VV
(1)!OJS

8

22~ f VW12 f VB!OBW24 f VWOW22 f VWOWW8

28 f VBOB24 f VBOBB8 1 f h,1Oh,18 1 f hhOhh8 1 f h,3Oh,38

1 f VqOVq1 f VtOVt1 f hqOhq8 . ~A1!
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For the operators, we adopt the basis of Ref.@10# with some
minor modifications. The operators are defined as follow

O JJ
(3)5tr J(3),mJm

(3) , ~A2a!

O JJ
(1)5J(1),mJm

(1) , ~A2b!

O VN
(1)5V(1),mJN,m

(1) , ~A2c!

OJS
8 5~h†h2v2/2!~h†JS1JS

†h!, ~A2d!

OBW52
1

2
Bmnh†Wmnh, ~A2e!

OW5 i ~Dmh!†Wmn~Dnh!, ~A2f!

OWW8 52
1

2
~h†h2v2/2!tr WmnWmn, ~A2g!

OB5
i

2
~Dmh!†~Dnh!Bmn, ~A2h!

OBB8 52
1

4
~h†h2v2/2!BmnBmn, ~A2i!

Oh,18 5@~Dmh!†h#@h†~Dmh!#2~v2/2!~Dmh!†~Dmh!,
~A2j!

Ohh8 5~h†h2v2/2!@~Dmh!†~Dmh!#, ~A2k!

Oh,38 5
1

3
~h†h2v2/2!3, ~A2l!

OVq5qD LV” Tq̃L , ~A2m!

OVt5 t̄ RV” (1)tR , ~A2n!

Ohq8 5~h†h2v2/2!~ t̄ RhTq̃L1H.c.!, ~A2o!

whereVm is the vector field

Vm5 i @h~Dmh!†2~Dmh!h†# ~A3!

with triplet and singlet parts

Vm
(1)5tr Vm , Vm

(3)5Vm2
1

2
tr Vm . ~A4!

The triplet fermion currentJ(3) is the usual isospin current
JY

(1) is the hypercharge current, andJS is the fermion current
coupled to the SM Higgs doublet. The exact form of t
currentsJ(1) and JN

(1) is model dependent. In little Higgs
models where only oneU(1) gauge boson is coupled t
fermions,JN vanishes, andJ(1) is proportional to the hyper-
charge current.

In the littlest Higgs model, the values of the coefficien
in Eq. ~A1! are
4-19
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f JJ
(3)52

4c4

F2
, ~A5a!

f JJ
(1)52

10

F2
, ~A5b!

f VN
(1)5

5~c822s82!

F2
, ~A5c!

f VV
(3)5

~112c2!~c22s2!

4F2
2

1

6F2
, ~A5d!

f VV
(1)5

5~112c8224a!~c822s82!

8F2
, ~A5e!

f VW52
1

2g2
f VJ

(3)52
c2~c22s2!

g2F2
, ~A5f!

f VB52
1

2g82
f VJ

(1)52
5~c822a!~c822s82!

2g82F2
,

~A5g!

f h,154 f VV
(1)1

4l2f
2

Mf
4

, ~A5h!
B
,

J

e-

g,

gy

v

ng

9
rte

ld

01500
f hh53 f VV
(3)12 f VV

(1)1
4l2f

2

Mf
4

, ~A5i!

f h,3523
mH

2

v2 S f VV
(3)12 f VV

(1)2
1

3F2D , ~A5j!

f Vq52
st

4

F2
, ~A5k!

f Vt50, ~A5l!

f hq5
A2l t

F2 S ct
2st

22
2

3
1

A2l2fF

Mf
2 D ,

~A5m!

while the expressions for the Coleman-Weinberg poten
parameters are given in Eqs.~50!–~51e!. The singlet current
J(1) is given by

Jm
(1)5~c822a!JY,m

(1) 1JN,m
(1) , ~A6!

whereJN collects the terms that cannot be absorbed into
hypercharge current by shifting the parametera. In the origi-
nal version of the model@2#, JN anda both vanish.
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@28# A. Djouadi, W. Kilian, M. Mühlleitner, and P.M. Zerwas, Eur

Phys. J. C10, 27 ~1999!; C. Castanier, P. Gay, P. Lutz, and
01500
,

Orloff, Report No. LC-PHSM-2000-061.
@29# U. Baur, T. Plehn, and D. Rainwater, Phys. Rev. Lett.89,

151801~2002!; Phys. Rev. D67, 033003~2003!; 68, 033001
~2003!; 69, 053004~2004!.

@30# R. Frey, inProceedings, Physics and Experiments with Line
Colliders, Morioka, 1995, edited by A. Miyamoto, Y. Fujii, T
Matsui, and S. Iwata~World Scientific, Singapore, 1996!,
hep-ph/9606201.
4-21


